
Statistical Methods for BellSouth Performance Measure Analysis

I. Necessary Properties for a Test Methodology

The statistical process for testing if competing local exchange carriers (CLECs) customers are being treat equally with BellSouth (BST) customers involves more than just a mathematical formula.  Three key elements need to be considered before an appropriate decision process can be developed.  These are

· the type of data,

· the type of comparison, and

· the type of performance measure.

Once these elements are determined a test methodology should be developed that complies with the following properties.

· Like-to-Like Comparisons. When possible, data should be compared at appropriate levels, e.g. wire center, time of month, dispatched, residential, new orders.  The testing process should:

· Identify variables that may affect the performance measure.

· Record these important confounding covariates.

· Adjust for the observed covariates in order to remove potential biases and to make the CLEC and the ILEC units as comparable as possible.

· Aggregate Level Test Statistic.  Each performance measure of interest should be summarized by one overall test statistic giving the decision maker a rule that determines whether a statistically significant difference exists.  The test statistic should have the following properties.

· The method should provide a single overall index, on a standard scale.

· If entries in comparison cells are exactly proportional over a covariate, the aggregated index should be very nearly the same as if comparisons on the covariate had not been done.

· The contribution of each comparison cell should depend on the number of observations in the cell.

· Cancellation between comparison cells should be limited.

· The index should be a continuous function of the observations.

· Production Mode Process.  The decision system must be developed so that it does not require intermediate manual intervention, i.e. the process must be a “black box.”

· Calculations are well defined for possible eventualities.

· The decision process is an algorithm that needs no manual intervention.

· Results should be arrived at in a timely manner.

· The system must recognize that resources are needed for other performance measure-related processes that also must be run in a timely manner.

· The system should be auditable, and adjustable over time.

· Balancing.  The testing methodology should balance Type I and Type II Error probabilities.

· P(Type I Error) = P(Type II Error) for well defined null and alternative hypotheses.

· The formula for a test’s balancing critical value should be simple enough to calculate using standard mathematical functions, i.e. one should avoid methods that require computationally intensive techniques.

· Little to no information beyond the null hypothesis, the alternative hypothesis, and the number of observations should be required for calculating the balancing critical value.

In the following sections we describe appropriate testing processes that adhere as much as possible to the testing principles.

Measurement Types
The performance measures that will undergo testing are of three types:

1) means

2) proportions, and

3) rates

While all three have similar characteristics (a proportion is the average of a measure that takes on only the values of 0 or 1), a proportion or rate is derived from count data while a mean is generally an average of interval measurements. 

II. Testing Methodology – The Truncated Z
Many covariates are chosen in order to provide deep comparison levels.  In each comparison cell, a Z statistic is calculated.  The form of the Z statistic may vary depending on the performance measure, but it should be distributed approximately as a standard normal, with mean zero and variance equal to one.  Assuming that the test statistic is derived so that it is negative when the performance for the CLEC is worse than for the ILEC, a positive truncation is done – i.e. if the result is negative it is left alone, if the result is positive it is changed to zero.  A weighted average of the truncated statistics is calculated where a cell weight depends on the volume of BST and CLEC orders in the cell.  The weighted average is re-centered by the theoretical mean of a truncated distribution, and this is divided by the standard error of the weighted average. The standard error is computed assuming a fixed effects model. 

Proportion Measures
For performance measures that are calculated as a proportion, in each adjustment cell, the truncated Z and the moments for the truncated Z can be calculated in a direct manner.  In adjustment cells where proportions are not close to zero or one, and where the sample sizes are reasonably large, a normal approximation can be used.  In this case, the moments for the truncated Z come directly from properties of the standard normal distribution.   If the normal approximation is not appropriate, then the Z statistic is calculated from the hypergeometric distribution.  In this case, the moments of the truncated Z are calculated exactly using the hypergeometric probabilities. 

Rate Measures
The truncated Z methodology for rate measures has the same general structure for calculating the  Z in each cell as proportion measures.  For a rate measure, there are a fixed number of circuits or units for the CLEC, n2j and a fixed number of units for BST, n1j.  Suppose that the performance measure is a “trouble rate.”  The modeling assumption is that the occurrence of  a trouble is independent between units and the number of troubles in n circuits follows a Poisson distribution with mean 

n where 

 is the probability of a trouble in 1 circuit and n is the number of circuits.  

In an adjustment cell, if the number of CLEC troubles is greater than 15 and the number of BST troubles is greater than 15, then the Z test is calculated using the normal approximation to the Poisson.  In this case, the moments of the truncated Z come directly from properties of the standard normal distribution.  Otherwise, if there are very few troubles, the number of CLEC troubles can be modeled using a binomial distribution with n equal to the total number of troubles ( CLEC plus BST troubles.)  In this case, the moments for the truncated Z are calculated explicitly using the binomial distribution. 

Mean Measures
For mean measures, an adjusted t statistic is calculated for each like-to-like cell which has at least 7 BST and 7 CLEC transactions.  A permutation test is used when one or both of the BST and CLEC sample sizes is less than 6.  Both the adjusted t statistic and the permutation calculation are described in the technical appendix.

APPENDIX

TECHNICAL DESCRIPTIONS

We start by assuming that any necessary trimming of the data is complete, and that the data are disaggregated so that comparisons are made within appropriate classes or adjustment cells that define “like” observations.

Notation and Exact Testing Distributions

Below, we have detailed the basic notation for the construction of the truncated z statistic.  In what follows the word “cell” should be taken to mean a like-to-like comparison cell that has both one (or more) ILEC observation and one (or more) CLEC observation.


L
=
the total number of occupied cells


j
=
1,…,L; an index for the cells


n1j
=
the number of ILEC transactions in cell j


n2j
=
the number of CLEC transactions in cell j


nj
=
the total number transactions in cell j; n1j+ n2j


X1jk
=
individual ILEC transactions in cell j; k = 1,…, n1j


X2jk
=
individual CLEC transactions in cell j; k = 1,…, n2j


Yjk
=
individual transaction (both ILEC and CLEC) in cell j






-1(()
=
the inverse of the cumulative standard normal distribution function

For Mean Performance Measures the following additional notation is needed.





=
the ILEC sample mean of cell j





=
the CLEC sample mean of cell j





=
the ILEC sample variance in cell j





=
the CLEC sample variance in cell j


yjk
=
a random sample of size n2j from the set of 

; k = 1,…,n2j


Mj
=
the total number of distinct pairs of samples of size n1j and n2j;





The exact parity test is the permutation test based on the "modified Z" statistic.  For large samples, we can avoid permutation calculations since this statistic will be normal (or Student's t) to a good approximation.  For small samples, where we cannot avoid permutation calculations, we have found that the difference between "modified Z" and the textbook "pooled Z" is negligible.  We therefore propose to use the permutation test based on pooled Z for small samples.  This decision speeds up the permutation computations considerably, because for each permutation we need only compute the sum of the CLEC sample values, and not the pooled statistic itself.  

A permutation probability mass function distribution for cell j, based on the “pooled Z” can be written as



,

and the corresponding cumulative permutation distribution is



.

For Proportion Performance Measures the following notation is defined

a1j
=
the number of ILEC cases possessing an attribute of interest in cell j

a2j
=
the number of CLEC cases possessing an attribute of interest in cell j

aj

=
the number of cases possessing an attribute of interest in cell j; a1j+ a2j

The exact distribution for a parity test is the hypergeometric distribution.  The hypergeometric probability mass function distribution for cell j is 



,

and the cumulative hypergeometric distribution is



.

For Rate Measures, the notation needed is defined as

b1j

=
the number of ILEC base elements in cell j

b2j

=
the number of CLEC base elements in cell j

bj

=
the total number of base elements in cell j; b1j+ b2j





=
the ILEC sample rate of cell j; n1j/b1j





=
the CLEC sample rate of cell j; n2j/b2j


qj
=
the relative proportion of CLEC elements for cell j; b2j/bj

The exact distribution for a parity test is the binomial distribution.  The binomial probability mass function distribution for cell j is 



,

and the cumulative binomial distribution is



.

Calculating the Truncated Z

The general methodology for calculating an aggregate level test statistic  is outlined below.

1.  Calculate cell weights, Wj.  A weight based on the number of transactions is used so that a cell which has a larger number of transactions has a larger weight.  The actual weight formulae will depend on the type of measure.

Mean Measure



Proportion Measure



Rate Measure



In each cell, calculate a Z value, Zj.  A Z statistic with mean 0 and variance 1 is needed for each cell.

· If Wj = 0, set Zj = 0.

· Otherwise, the actual Z statistic calculation depends on the type of performance measure.

Mean Measure
Zj = -1()

where  is determine by the following algorithm.

If min(n1j, n2j) > 6, then determine ( as 



,

that is,  is the probability that a t random variable with n1j - 1 degrees of freedom, is less than



,

where




and the coefficient g is an estimate of the skewness of the parent population, which we assume is the same in all cells.  It can be estimated from the ILEC values in the largest cells.   This needs to be done only once for each measure.   We have found that attempting to estimate this skewness parameter for each cell separately leads to excessive variability in the "adjusted" t.   We therefore use a single compromise value in all cells. 

Note, that tj is the “modified Z” statistic.  The statistic Tj is a “modified Z” corrected for the skewness of the ILEC data.

If min(n1j, n2j) ( 6, and 

a)  Mj ( 1,000 (the total number of distinct pairs of samples of size n1j and n2j is 1,000 or less).

· Calculate the sample sum for all possible samples of size n2j.

· Rank the sample sums from smallest to largest.  Ties are dealt by using average ranks.  

· Let R0 be the rank of the observed sample sum with respect all the sample sums. 




b) Mj > 1,000

· Draw a random sample of 1,000 sample sums from the permutation distribution.  

· Add the observed sample sum to the list.  There is a total of 1001 sample sums. Rank the sample sums from smallest to largest.  Ties are dealt by using average ranks.  

· Let R0 be the rank of the observed sample sum with respect all the sample sums.  




Proportion Measure


.

Rate Measure


.

3.  Obtain a truncated Z value for each cell, 

.  To limit the amount of cancellation that takes place between cell results during aggregation, cells whose results suggest possible favoritism are left alone.  Otherwise the cell statistic is set to zero.  This means that positive equivalent Z values are set to 0, and negative values are left alone.  Mathematically, this is written as



.

4.  Calculate the theoretical mean and variance of the truncated statistic under the null hypothesis of parity, 

 and 

.  In order to compensate for the truncation in step 3, an aggregated, weighted sum of the 

 will need to be centered and scaled properly so that the final aggregate statistic follows a standard normal distribution.  

· If Wj = 0, then no evidence of favoritism is contained in the cell.  The formulae for calculating 

cannot be used.  Set both equal to 0.

· If min(n1j, n2j) > 6 for a mean measure, 

 for a proportion measure, or 

 for a rate measure then



, and



.

· Otherwise, determine the total number of values for 

.  Let zji and ji, denote the values of 

 and the probabilities of observing each value, respectively.



,and



.

The actual values of the z’s and ’s depends on the type of measure, and the sums in the equations are over all possible values of the index i.

Mean Measure



Proportion Measure



Rate Measure



5.  Calculate the aggregate test statistic, ZT. 




The Balancing Critical Value

There are four key elements of the statistical testing process:

1. the null hypothesis, H0, that parity exists between ILEC and CLEC services 

2. the alternative hypothesis, Ha, that the ILEC is giving better service to its own customers

3. the Truncated Z test statistic, ZT, and

4. a critical value, c 

The decision rule
 is 

· If
ZT < c 
then 
accept Ha.

· If
ZT ( c 
then 
accept H0.

There are two types of error possible when using such a decision rule:

Type I Error:
Deciding favoritism exists when there is, in fact, no favoritism.

Type II Error:
Deciding parity exists when there is, in fact, favoritism.

The probabilities of each type of each are:

Type I Error:


.

Type II Error:


.

We want a balancing critical value, cB, so that  = .

It can be shown that.



.

where







(() is the cumulative standard normal distribution function, and (() is the standard normal density function.

This formula assumes that Zj is approximately normally distributed within cell j.  When the cell sample sizes, n1j and n2j, are small this may not be true.  It is possible to determine the cell mean and variance under the null hypothesis when the cell sample sizes are small.  It is much more difficult to determine these values under the alternative hypothesis.  Since the cell weight, Wj will also be small (see calculate weights section above) for a cell with small volume, the cell mean and variance will not contribute much to the weighted sum.  Therefore, the above formula provides a reasonable approximation to the balancing critical value.

The values of mj and sej will depend on the type of performance measure.

Mean Measure
For mean measures, one is concerned with two parameters in each cell, namely, the mean and variance.  A possible lack of parity may be due to a difference in cell means, and/or a difference in cell variances.  One possible set of hypotheses that capture this notion, and take into account the assumption that transaction are identically distributed within cells is:

H0: 1j = 2j, 1j2 = 2j2
Ha: 2j = 1j + j·1j, 2j2 = j·1j2
j > 0, j ( 1 and j = 1,(,L.

Under this form of alternative hypothesis, the cell test statistic Zj has mean and standard error given by



, and




Proportion Measure
For a proportion measure there is only one parameter of interest in each cell, the proportion of transaction possessing an attribute of interest.  A possible lack of parity may be due to a difference in cell proportions.  A set of hypotheses that take into account the assumption that transaction are identically distributed within cells while allowing for an analytically tractable solution is:

H0: 


Ha: 


j > 1 and j = 1,(,L.

These hypotheses are based on the “odds ratio.”  If the transaction attribute of interest is a missed trouble repair, then an interpretation of the alternative hypothesis is that a CLEC trouble repair appointment is j times more likely to be missed than an ILEC trouble. 

Under this form of alternative hypothesis, the within cell asymptotic mean and variance of a1j are given by




where




Recall that the cell test statistic is given by



.

Using the equations above, we see that Zj has mean and standard error given by



, and



.

Rate Measure
A rate measure also has only one parameter of interest in each cell, the rate at which a phenomenon is observed relative to a base unit, e.g. the number of troubles per available line.  A possible lack of parity may be due to a difference in cell rates.  A set of hypotheses that take into account the assumption that transaction are identically distributed within cells is:

H0: r1j = r2j
Ha: r2j = jr1j
j > 1 and j = 1,(,L.

Given the total number of ILEC and CLEC transactions in a cell, nj, and the number of base elements, b1j and b2j, the number of ILEC transaction, n1j, has a binomial distribution from nj trials and a probability of 



.

Therefore, the mean and variance of n1j, are given by




Under the null hypothesis 



,

but under the alternative hypothesis



.

Recall that the cell test statistic is given by



.

Using the relationships above, we see that Zj has mean and standard error given by



, and



.

Determining the Parameters of the Alternative Hypothesis

In this appendix we have indexed the alternative hypothesis of mean measures by two sets of parameters, (j and (j.  Proportion and rate measures have been indexed by one set of parameters each, j and j respectively.  While statistical science can be used to evaluate the impact of different choices of these parameters, there is not much that an appeal to statistical principles can offer in directing specific choices.  Specific choices are best left to telephony experts.  Still, it is possible to comment on some aspects of these choices:

· Parameter Choices for (j.  The set of parameters (j index alternatives to the null hypothesis that arise because there might be greater unpredictability or variability in the delivery of service to a CLEC customer over that which would be achieved for an otherwise comparable ILEC customer.  While concerns about differences in the variability of service are important, it turns out that the truncated Z testing which is being recommended here is relatively insensitive to all but very large values of the (j.  Put another way, reasonable differences in the values chosen here could make very little difference in the balancing points chosen.

· Parameter Choices for (j.  The set of parameters (j are much more important in the choice of the balancing point than was true for the (j.  The reason for this is that they directly index differences in average service.  The truncated Z test is very sensitive to any such differences; hence, even small disagreements among experts in the choice of the (j could be very important.  Sample size matters here too.  For example, setting all the (j to a single value – (j = ( – might be fine for tests across individual CLECs where currently in Louisiana the CLEC customer bases are not too different.  Using the same value of ( for the overall state testing does not seem sensible, however, since the state sample would be so much larger.

· Parameter Choices for j or j.  The set of parameters j or j are also important in the choice of the balancing point for tests of their respective measures.  The reason for this is that they directly index increases in the proportion or rate of service performance.  The truncated Z test is sensitive to such increases; but not as sensitive as the case of (j for mean measures.  Sample size matters here as well.  As with mean measures, using the same value of  or  for the overall state testing does not seem sensible since the state sample would be so much larger.

The bottom line here is that beyond a few general considerations, like those given above, a principled approach to the choice of the alternative hypotheses to guard against, must come from elsewhere.

Decision Process

Once ZT has been calculated, it is compared to the balancing critical value to determine if the ILEC is favoring its own customers over a CLEC’s customers.

This critical value changes as the ILEC and CLEC transaction volume change.  One way to make this transparent to the decision maker, is to report the difference between the test statistic and the critical value, diff = ZT - cB.  If favoritism is concluded when ZT < cB, then the diff < 0 indicates favoritism.

This make it very easy to determine favoritism: a positive diff suggests no favoritism, and a negative diff suggests favoritism.  

� This decision rule assumes that a negative test statistic indicates poor service for the CLEC customer.  If the opposite is true, then reverse the decision rule.


� Stevens, W. L. (1951)  Mean and Variance of an entry in a Contingency Table.  Biometrica, 38, 468-470.
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